The exact starting solutions corresponding to the motions of a second-grade fluid, due to the cosine and sine oscillations of an infinite edge and of an infinite duct of rectangular cross-section as well as those induced by an oscillating pressure gradient in such a duct, are determined by means of the double Fourier sine transforms. These solutions, presented as sum of the steady-state and transient solutions, satisfy both the governing equations and all associate initial and boundary conditions. In the special case when α 1 → 0, they reduce to those for a Navier-Stokes fluid.
Introduction
The flow of a fluid induced by the oscillating shearing motion of a wall is found in many engineering applications such as flows in vibrating media. This problem is termed as Stokes' second problem by Schlichting [1] if the fluid is bounded only by the moving wall. However, it is termed as Couette flow if the fluid is bounded by two parallel walls. The starting solutions of the Stokes problem for a viscous fluid caused by the cosine and sine oscillations of a flat plate have been studied on depth by Erdogan [2] . These solutions have been recently extended to second-grade fluids by Fetecau and Fetecau [3] . Such motions are not only of fundamental theoretical interest but they also occur in many applied problems such as acoustic streaming around an oscillating body.
The first exact solutions for the flows of a second-grade fluid due to a rigid plate oscillating in its own plane and an oscillating pressure gradient seem to be those of Rajagopal [4] . He has also studied the problem of an infinite rod undergoing torsional and longitudinal oscillations in an incompressible second-grade fluid [5] . His simple but elegant solutions have been later extended to a larger class of non-Newtonian fluids by Rajagopal and Bhatnagar [6] . Similar solutions for different oscillating motions of non-Newtonian 2 Solutions for motions of second-grade fluids fluids have been also obtained by Hayat et al. [7] [8] [9] , Siddiqui et al. [10] , and Asghar et al. [11] . Starting solutions for the motion of a second-grade fluid due to the longitudinal and torsional oscillations of an infinite circular cylinder have been recently obtained in [12] .
The main purpose of this note is to establish starting solutions corresponding to the motions of a second-grade fluid due to an oscillating edge and an oscillating channel of rectangular cross-section. These solutions are presented as sum of the steady-state and transient solutions and describe the motion of the fluid at small and large times after its initiation. For large times, they tend to the steady-state solutions which are independent of the initial conditions and periodic in time. Finally, for completeness, the exact solutions for the motion of a second-grade fluid due to an oscillating pressure gradient in a duct of rectangular cross-section are also presented. Exact solutions for some motions of second-grade fluids in such domains have been recently obtained by Erdogan andİmrak [13] .
Governing equation
The Cauchy stress T in an incompressible homogeneous fluid of second-grade is related to the fluid motion in the following manner [3] [4] [5] :
where −pI denotes the indeterminate spherical stress due to the constraint of incompressibility, S is the extra-stress tensor, μ is the dynamic viscosity, α 1 and α 2 are the normal stress moduli, while the kinematical tensors A 1 and A 2 are defined through
In the above equation, v denotes the velocity, grad denotes the gradient operator, and (d/dt) denotes the material time differentiation. Of course, all motions are restricted to be isochoric, so that A 1 is traceless. Dunn and Fosdick [14] studied the thermodynamics of fluids of this type and showed that material moduli must satisfy
3)
The sign of the material moduli α 1 and α 2 is the subject of much controversy. A comprehensive discussion on the restrictions for μ, α 1 , and α 2 as well as a critical review can be found in the work by Dunn and Rajagopal [15] . In the following we will seek a velocity field of the form [13] :
C. Fetecau and C. Fetecau 3 where i denotes the unit vector along the x-direction of the Cartesian coordinate system x, y, and z. For these flows, the constraint of incompressibility is automatically satisfied. Substituting (2.1)-(2.4) into the balance of linear momentum and neglecting the body forces we attain to the linear partial differential equation (cf. [13, 16] )
where ν = μ/ρ is the kinematic viscosity of the fluid (ρ being its constant density) and α = α 1 /ρ. Equation (2.5) with appropriate boundary and initial conditions can be solved in general by several methods. The Laplace transform can be applied to eliminate the time variable. However, the inversion procedure for obtaining the solution is not always a trivial matter. Furthermore, the solution so obtained for a second-grade fluid does not satisfy the initial condition [17, 18] . This is due to the incompatibility between the prescribed data. Here, we will use the double Fourier sine transform.
Starting flow due to an oscillating edge
Consider an incompressible second-grade fluid at rest occupying the space of the first dial of a rectangular edge (−∞ < x < ∞; y,z ≥ 0). At time t = 0 + , the infinitely extended edge begins to oscillate along of x-axis. Owing to the shear the fluid is gradually moved. Its velocity is of the form (2.4), and the governing equation, in the absence of a pressure gradient in the x-direction, is
Accordingly, the boundary and initial conditions are
where ω is the frequency of the velocity of the edge. The natural conditions [16] 4) have to be also satisfied.
Multiplying both sides of (3.1) by (2/π)sin(ξ y)sin(ηz), integrating with respect to y and z from 0 to ∞ and having the conditions (3.2)-(3.4) in mind, we find that [19] 
respectively, Solving the ordinary differential equations (3.5) and (3.6) subject to the initial condition (3.7) and inverting the results by means of the Fourier's sine formula, we get for v(y,z,t) the expressions (see also [19] , the line 1 of Table 5 )
respectively,
For large values of t, the starting solutions (3.8) and (3.9) reduce to the steady-state solutions which are independent of the initial condition and periodic in time. The first of C. Fetecau and C. Fetecau 5 them, for instance, can be written under the form (see the entry 1 of Table 5 from [19] )
(3.10)
Starting flow in a duct of rectangular cross-section oscillating parallel to its length
Let us now consider an incompressible second-grade fluid at rest in a duct of rectangular cross-section whose sides are at y = 0, y = d, z = 0, and z = h. At time t = 0 + , the duct suddenly starts oscillating parallel to its length. By the influence of shear the fluid is gradually moved. The governing equation is again (3.1), the initial condition is (3.2), while the boundary conditions are
The solution of this problem can be determined by means of finite double Fourier sine transforms. Thus, multiplying both sides of (3.1) by sin(λ m y)sin(μ n z), integrating with respect to y and z over [0, d] × [0,h], and taking into account (3.2) and (4.1), we find that (see [20, Section 13] ) 
where M = 2m − 1 and
The starting solution corresponding to the boundary conditions (4.2) is
(4.6)
Starting flow due to an oscillating pressure gradient
Let us now assume that at time t = 0 + a pressure gradient of the form
C. Fetecau and C. Fetecau 7 acts on the fluid laid in a duct of rectangular cross-section. The governing equation is given by (2.5), the initial condition is (3.2), while the boundary conditions are
The exact solutions corresponding to these last two flows have the forms
(5.4)
Conclusions
In this paper, the velocity fields corresponding to the motions of a second-grade fluid due to the sine and cosine oscillations of an infinite edge and of an infinite channel of rectangular cross-section as well as those produced by an oscillating pressure gradient have been determined by means of the Fourier sine transforms. The solutions that have been obtained, depending on the initial and boundary conditions, are presented as sum of the steady-state and transient solutions. They describe the flows for small and large times. For large values of time t, when the transients disappear, all motions are described by the corresponding steady-state solutions, which are periodic in time and independent of the initial condition. Straightforward computations show that v(y,z,t), given by (3.8), (3.9), (4.5), (4.6), (5.3), and (5.4), satisfies both the associate partial differential equations (2.5) and (3.1) and all imposed initial and boundary conditions, the differentiations under integrals or term by term in sums being clearly permissible. In the special case when α 1 → 0, corresponding to a Reiner-Rivlin fluid, all solutions take the simpler forms. Equation which is identical to that for a Navier-Stokes fluid. However, the surface tractions that must be applied in order to produce the motion will vary according to the values of α 2 .
